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SUMMARY

Four chemical balance weighing designs Dy, I'3, Dy and Dg each with
2v weighing operations have been suggested by Dey (1971) as alternative
to the ‘repeated’ design D;. The present paper proposes a new design
D, with only (2v—1) weighing operations, which is shown to be superior
to some of the existing designs in certain cases.

1. INTRODUCTION

The results of # weighing operations to determine the individual
weights of v light objects on a chemical balance with zero bias fit
into the linear model y=XB+e where X=(xy), i=1, 2, .., n,
j=1, 2, ..., v, is an nXv matrix of elements x;=-+1, —1 or0
according as in the ith weigbing operation, the j-th object is placed
respectively, on the left pap, right pan or none; y is the nX1
observed vector of the recorded weighings; p is the vXx1 vector of
the unknown weights of the objects and e is an n X1 random vector
of errors with E(e)=0, E(ee’)=0%I, where E stands for expectation,
e’ denotes the transpose of e and I, is the nXn identity matrix.
X is called the weighing design.

If X'X is non-singular, the least squares estimates of the
weights are given by é=(X’X)'1 X’y with covariance matrix
Cov (ﬁ)=(X’ X)~1 o2 Henceforth we take C=(X" X)t=(cy)).

The purpose of this paper is to suggest a chemical balance
design which is shown to be better than some of the existing designs.

2. CRITERIA FOR THE COMPARISON OF Two WEIGHING DESIGNS

Let v denote the number of objects whose weights are to be
estimated. The following three criteria are chosen for comparing
two designs.
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Criterion (i). Of two weighing designs X1 and Xa, X; is
superior to X; if the variance of each of the estimates is smaller in
the case of design X; than in the case of design Xe.

Criterion (ii). X, is superior to X, if r(C))<tr(C;) where
Ci=(X; X, i=1, 2 (A-optimality).

Criterion (iiif). X is superior to X, if det(X; ‘X;)>det(X, 'Xz)

(D-optimality).

3. THE ‘REPEATED’ DESIGN AND ITS ALTERNATIVES

3.1. The ‘repeated’ design. One of the methods of construct-

ing a weighing design is based on the incidence matrix of a balanced

incomplete block (BIB) design. The incidence matrix of a BIB
design with parameters v, b, r, k, A is the 5 X v matrix N* defined by
-~ N*=(ny;) where n;;=1 or 0 according as thej-th treatment occurs or
not in the ith block. By replacing 0 by —1in N* we can obtain a
matrix N, which is a chemical balance weighing design to weigh v
objects in b weighings. If the BIB design is symmetrical, ie, if
b=v, no degrees of freedom are left for the estimation of the error
variance, To overcome this difficulty, one alternative is to repeat
the design N, which results in

A ~I
Dy=| -

LA
We call D, the ‘repeated’ design.

3.2. Alternatives to the ‘repeated’ design suggested by Dey
(1972). The alternatives to the ‘repeated’ design D, as given in Dey
(1972) are the following :

[ Ny ] N, F N
D2=. ves ; D3= e or ven ;
N. Jv,o TJay

Ny
or
—Iv

[T N, A
_D4= ‘es or vee ; 'D5= ces
N3 - _Ng _ Iv

where, N, is the incidence matrix of the complementary BIB design, '

Jo,v 18 @ vXVv matrix with each element unity and N, is a square
matrix of order v derived from I, by replacing 0 by —1. »

3.3. The new design Dy, Without any loss of generality let us
assume that the r(=k) elements of the first block B, of the chosen

-
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BIB -design represent the first r of the v objects to be weighed. If
the block B, is deleted from the BIB design. we shall be Teft with
(v—1) blocks in each of which there will be exactly A elements from
among the first r objects of the BIB desigo. Form the (v—1)X v
matrix Ny from the incidence matrix N * of the chosen BIB design by
performing the following operations : (i) delete the first row of N*,
(ii) replace 0 by —1 and (iii) in each row of the resulting matrix,
replace by zeros: the A unities ‘corresponding to the A elements the
row has from among the first r objects. The design D, is given by

. N1
Do=| - i
Ny-

It can be easily verified that

, A B
D0D0=[B' D]

where " A=5 (r—2) L+Qv—6r+>57) Jy .
: B==(2v—'7r+6?\) Jrs (9-1)
and ] ‘D=8(r—l) To_p+{2v—1-8 (r— N} Joony. (o1

34. ‘The S; and Sy "series and the non-singularity of D
i=0,1,2,3,4,5. When v#2r, Ny is non-singular and consequently,
designs Ds. i=0, 1,2, 3, 4, 5, which are obtained by augmenting Ni
with additional rows, will also be non-singular. :

Dey (1972) has compared the designs Dy, i=1, 2, 3,4,5 with
respect to the following two series of BIB designs :

S, :v=b=4r—1, r=k=2t-2, Ar=t-—1. 121

Sy v=b=s>+s+1, r=k=s+1, A=l being a prime
power. _

For the purpose of comparing Dy with D;, i =Al, 2,3,4,5 we
shall restrict our studies to the above two series of BIB designs.

4, CoMPARISONS BETWEEN THE DESIGN

Criterion (i). Consider the S series. The expressions for the
variance factors are as follows :

TABLE .l
. : Variance factors for the - Variance factors for the
Destgn first r objects . last (v—r) objects
Dy (262 —144)/10t (12+1) . (234304 624-1)/1612 (+1)

Dy to Dy See Dey (1972)
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It can be easily seen that D, is superior to al]l the designs Dy,
i=1, 2, 3,4, 5 when t > 4.

Next consider the S, series. The variance factors are seen to
be as follows : '

TABLE 2
, Variance factors for the Variance factors for the
Design first r objects last (v—r) objects
D 953 —1452 275+ 48 954155320524 475+3
0 75 (954 —1553=2 1152+ 1654-8) 8s (951—155°— 1152+ 165+ 8)
D; to D; See Dey (1972)

Comparing the variance factors we see that D, is superior to all D s
except D, for s=4, 5. For s>7, D, is inferior to Dy, and also to
D, for the estimation of the weights of the first r objects, but is
superior to the other designs.

Criterion (ii). Consider the Sy series. The values of v ¢r(C)
for the various designs are as follows :

TABLE 3
Design v=11(C)
D, (2613 —124-661 —11)/40¢ (1241) (41—1)
Dy 1/4¢
D, (402—14-2)/5¢ (14-412)
Dy (4r2—3r4-1)/21 (812 —d2+1)
Dy ‘ (412—Tt+4)[2 (141) (812—12¢+4-5)
D; 3/2(4r+D)

Comparison of these values shows that D, is superior to all the
other designs for ¢4,
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For the S; series the values of v-1/r(C) are as follows :
TABLE 4

Dresign v-1¢r (C)

Dy (4555354 - 14033—93s2+183s+384)/40(52+s+1) '
954 - 1558 1152+ 165+8)
D, (s3—252—25+5)/8 (s2—s—1)?

Dy (253 —25*—354-6)/5 (2s4—253—s2+2s+1)

D; (s343)/4 (s4+52+25+1)

Dy - (s8—2524542)/4 (s+1) (s4—s2+41)

Dy (s4—258 -2524-55+1)/(45+1) (54 —258—5242542)

In this case it is seen that D, is superior to all the other designs
except D; when s223.
Criterion (iii). Consider the S; series. The values of det

(D§ D; ) are as follows :

TABLE 5
Desigr ‘ det( D; Di)
- Do 52t-2 266-1 ;gt—f’- (t241)
Dy 212¢-5 p4t-2
D, 54t-2 1462 (44241)
Ds 288 yat~2 (8¢2—4¢41)
D, 28t~3 (t41)41-2 (812—12145)
Ds 2 (424-1)4t-2

Comparison of these values indicates that D, is superior to all the
other designs except Dy when t >4,

For the S, series, the values of det (DQ Dy ) are as follows :

TABLE 6
Design \ det (D" Dy)
Do 50 8521 §5%* (954—1553—11524-165-8)
Dy 285248341, G5 (54—258—52+23+1)
D, 55248 g5+ (950 D8 524254 1)
Dj 225242541, §9245(S+ 524+ 25+ 1)
Dy 225242241 (g4 1)s2+38 (s1—s2+1)
Ds (45 4+1)5>F5(s4— 25352425+ 2)
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Comparison of these values indicates that D, is superior to all the
other designs ex:cpt D; when s2>>3
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